
I N T E R A C T I O N  O F  AN E L A S T I C  W A V E  W I T H  A P L A T E  
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Within the f ramework  of the dynamic theory of elast ici ty a numerica l  solution is set up for 
an ax isymmetr ic  problem which a r i s e s  in connection with the problem of measuring s t r e s ses  
on the boundary between a solid medium and a r igid wall. In the cylindrical  r ,  z coordinates 
the medium fills the cylinder z >0, r <R, the case R -~o  being possible when the medium oc-  
cupies the half -space z >0. The elast ic medium borders  on a r igid wall which in the plane 
z = 0 has a deformable par t  in the form of a c i rcu la r  elastic plate clamped along the edges. 
A plane longitudinal wave in the form of a semiinfinite step falls f rom infinity. The in te rac-  
tion of this wave with the plate is investigated, with the main attention given to the study of 
the effect of the problem paramete r s  on the deflection of the plate subjected to the wave. 

1. So-called membrane t ransducers  are  used to measure  s t r e s se s  at the boundary between a solid 
medium such as,  for example, ground and a rigid wall. 

Such a t ransducer  consti tutes a metal cylinder with an elastic plate built into one of its ends. It is 
assumed that the deflection of the center of the plate is proport ional  to the s t ress  acting on its surface.  The 
coefficient of proport ional i ty  is found by placing the device in a liquid and measuring the deflection under 
the action of a hydrostat ic  p re s su re .  The body of the device is placed in a wall, so that only the plate is 
located in the plane of contact .  

With this method of measurement ,  sys temat ic  e r r o r s  ar ise .  They are  caused by the fact  that the me-  
dium pos se s se s  a load-car ry ing  capacity, and for the same s t r e s ses  the deflection of the plate in a liquid 
will be la rger  than in a solid. In addition, if the s t r e ss  within the medium var ies  sufficiently rapidly,  then 
the plate simply is not able to deflect. It is understood that there may be other e r r o r s ,  caused, for example, 
by the imperfect  apparatus,  but they are  not considered here.  

The e r r o r s  in question essential ly depend on the proper t ies  of the medium and the charac te r  of va r i a -  
tion of the load, In par t icular ,  in a liquid at r e s t  they disappear.  In the case of r ea l  measurements  the 
proper t ies  of the medium are  known very  approximately,  especially if the objective of the measurements  is 
to obtain information about these propert ies .  Therefore  in the following the medium is assumed to be ideally 
elastic.  We have reasons  to believe tha t for  ane las t i c -p las t i c  medium the static e r r o r  will be smal le r  than 
for an elastic medium, and this is confirmed in a par t icular  case in the paper [1] by this author. If this is 
so, then the resu l t s  obtained for an elastic medium can be used also to est imate the e r r o r s  of measurement  
in e las t ic -p las t ic  media. 

The inert ia proper t ies  of the plate most  strongly manifest  themselves  in the case of a sudden va r i a -  
tion of the load. Therefore  we consider the interaet ionof  the plate with a wave in the form of a semiinfinite 
step. This allows us to establish the dynamic effects caused by a sudden variat ion of the load and to obtain 
the static solution simply by car ry ing  out the calculation as far as reaching the static regime.  

The analysis  is conducted in cylindrical  coordinates.  The following notation is used: t is the t ime, 
r is the radial  coordinate,  z is the axial coordinate; u, w are  the displacements along r and z; azz, a r t ,  

- arz are  components of the s t r e ss  tensor,  and ~ is the shear modulus in the medium. We use dimension-  
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l e s s  v a r i a b l e s ,  chosen  so that  the de ns i t y  of the m e d i u m ,  the ve loc i ty  of p ropaga t ion  
of the long i tud ina l  wave in the medium,  and the r a d i u s  of the pla te  equal  uni ty .  The 
connec t ion  be tween  the d i m e n s i o n a l  and d i m e n s i o n l e s s  quan t i t i e s  is d e s c r i b e d  by the 
e x p r e s s  ions 

xl = xi' / L, u~ = u(  / L, zlj = zO' / (~' + 2it') 
(1.1) 

I.t = Ix' / (k' -+- 2IX'), t = c't '  / L (i = t, 2) 

Fig .  1 
where  p r i m e s  a r e  used  to denote  d i m e n s i o n a l  v a r i a b l e s ,  x 1 = r ,  x 2 = z, u 1 = u, u 2 = w, 
oij a r e  the componen t s  of the s t r e s s  t e n s o r ,  X' and t~' a r e  the Lam~ coef f ic ien t s ,  L is  

the d i m e n s i o n a l  r a d i u s  of the p la te ,  c '  = ~f(h' + 2tz ' ) /p '  is the ve loc i ty  of p ropaga t ion  of a long i tud ina l  wave,  
and p ' is the dens i ty  of the m e d i u m .  

The p r o b l e m  is a s s u m e d  to be a x i s y m m e t r i c .  The equa t ions  of the t heo ry  of e l a s t i c i t y  in  th is  case  
have the f o r m  [2] 

utt = IxUzz + ur~ ,~ (l --  IX) wrz 31- ur / r - -  u / r ~ 

wit  =- Wzz -4- Ixwrr -~- ~tw~ / r + (i - -  IX) (uzr -~ u z / r) (1.2) 

F o r  these  equat ions  we se t  up the i n i t i a l  and b o u n d a r y  cond i t ions ,  and they a r e  solved in the r e g i o n  
z >0, 0 < r <R (Fig.  1). 

The in i t i a l  condi t ions  d e s c r i b e  a p l ane  long i tud ina l  wave fa l l ing  onto the p lane  z =0 f r o m  z = ~ ;  beh ind  
the wavef ron t  the m e d i u m  is in a s ta te  of un iax ia l  s t r a i n  with ~zz = 1/2. They  have the fo rm 

u = u t = O  , w = z / 2 ,  w t = l / ~ ,  for z > O ,  

r < R ,  t = 0  (1.3) 

The bounda ry  condi t ions  a r e  spec i f i ed  for  r = 0, r = R, and z = 0. 

The condi t ions  for  r =0 a r e  chosen  f rom the s y m m e t r y  c o n s i d e r a t i o n s  and r educe  to the fac t  tha t  in 
view of ax ia l  s y m m e t r y  w m u s t  be an even  and u an odd funct ion  of r :  

u = 0, w, = 0, for z > 0, r = 0 (1.4) 

At  r = R  the m e d i u m  b o r d e r s  on a r i g id  smooth  wal l  on which u = 0, ~ = 0. It is easy  to show that  these  
condi t ions  induce w r = 0 on the wall ,  and consequen t ly ,  for r = R we have the s ame  condi t ions  as  for  r = 0, 

i .e . ,  (1.4). 

in the m o s t  i m p o r t a n t  case  R -~oo, the m e d i u m  f i l l s  the h a l f - s p a c e  z >0, and the b o u n d a r y  condi t ion  

for r = R v a n i s h e s .  

At  z -- 0 two bounda ry  cond i t ions  a r e  p r e s e n t .  

The f i r s t  of t h e m  c o r r e s p o n d s  to the a s s u m p t i o n  about  the c h a r a c t e r  of adhes ion  of the m e d i u m  to the 
wal l  and the p la te .  Two e x t r e m e  ca se s  a r e  cons ide red :  1) f r i c t i on  on the b o u n d a r y  is  a b s e n t  (the condi t ion  
of s l ipping) ,  2) u = 0 on the bounda ry  (the condi t ion  of s t icking) .  In o r d e r  to w r i t e  these  condi t ions  in a uni f ied  
fo rm,  we in t roduce  the p a r a m e t e r  k ,which can  a s s u m e  only  two va lues :  0 o r  1. The f i r s t  condi t ion  a s s u m e s  

the f o r m  

k u ~ - ( i - - k ) ' ~  = 0  for z = 0  (1.5) 

F o r  k = 0  it  is t r a n s f o r m e d  into the s l ipp ing  condi t ion ,  for  k = 1 i t  is t r a n s f o r m e d  into the s t ick ing  con -  

di t ion,  and o ther  v a l u e s  of k a r e  not  c o n s i d e r e d .  

The second condi t ion  for  z = 0 a r i s e s  f r o m  the r e q u i r e m e n t  of con t inu i ty  of the n o r m a l  d i s p l a c e m e n t s  
on the boundary .  Since for  1 - -  < r - < R  the  m e d i u m  b o r d e r s  with the r i g i d  wal l ,  then  w = 0 for these  r .  F o r  r < 
1 the med ium b o r d e r s  with the e l a s t i c  p la te ,  and for  w the v i b r a t i o n  equa t ion  of the p l a t e m u s t  be sa t i s f i ed .  

This  equa t ion  unde r  the condi t ions  of c y l i n d r i c a l  s y m m e t r y  has the f o r m  

p w t t ~ I A A w - - a z z = O  for z = 0, r ~ t  (Aw = %r q- %/r)  (1.6) 

p and I a r e  the d i m e n s i o n l e s s  dens i ty  and r i g id i t y  of the p la te .  In t e r m s  of d i m e n s i o n a l  v a r i a b l e s  
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P - -  p ' L  ' i 2  ( i  - -  v ~) (~,' -~- 2p / )  L a 

w h e r e  PI is  the d e n s i t y ,  d is  the  t h i c k n e s s ,  L is  the  r a d i u s ,  E is Young ' s  modu lus ,  and ~ i s  P o i s s o n ' s  r a t i o  
of the  p l a t e .  

F o r  Eq.  (1.6), in t u rn ,  we have  i n i t i a l  and b o u n d a r y  cond i t i ons .  The i n i t i a l  cond i t i ons  have the f o r m  

w = w t  = 0  for t = O ,  z = O ,  r < t  

The  b o u n d a r y  condi t ion  fo r  r = 1 fo l lows  f r o m  the a s s u m p t i o n  tha t  the  p l a t e  i s  c l a m p e d  a long  the  edges :  
w = w r = 0. The  condi t ion  a t  r = 0 r e d u c e s  to the  f ac t  t ha t  in an  a x i s y m m e t r i c  p r o b l e m  w is  an  even  funct ion 
of r ,  i . e . ,  w '  = w "  = 0 fo r  r = 0. 

2. The  p r o b l e m  thus  f o r m u l a t e d  i s  s o l v e d  by  the f i n i t e - d i f f e r e n c e  me thod .  A s  u sua l ,  the  r e g i o n  w h e r e  
the  s o l u t i o n  i s  sought  i s  d iv ided  by s t r a i g h t  l i n e s ,  p a r a l l e l  to the c o o r d i n a t e  a x e s ,  into s q u a r e s  wi th  s ide  h. 
A l l  func t ions  a r e  c o n s i d e r e d  on ly  a t  the  nodes  of  the  r e s u l t i n g  g r i d ,  a t  d i s c r e t e  t i m e  i n s t a n t s .  The  d e r i v a -  
t i v e s  wi th  r e s p e c t  to  t i m e  and c o o r d i n a t e s  a r e  r e p l a c e d  by  f i n i t e - d i f f e r e n c e  r e l a t i o n s h i p s .  A s  a r e s u l t  we 
o b t a i n  a s y s t e m  of l i n e a r  a l g e b r a i c  equa t ions  which  is  s o l v e d  on a d i g i t a l  c o m p u t e r .  

A d i r e c t  r e a l i z a t i o n  of  t h i s  me thod  is  i m p o s s i b l e  even fo r  the  f ac t  t ha t  a s  a r e s u l t  we ob ta in  an in f in i te  
s y s t e m  of  equa t ions ,  T h e r e f o r e  the  o r i g i n a l  p r o b l e m  is  f i r s t  t r a n s f o r m e d :  the  s i n g u l a r i t y  in the  i n i t i a l  con -  
d i t i ons  i s  i s o l a t e d ,  the in f in i t e  r e g i o n  i s  r e p l a c e d  by a f in i t e  r e g i o n ,  and Eq.  (1.6) i s  t r a n s f o r m e d  into a m o r e  
conven ien t  f o r m .  

The  s i n g u l a r i t y  in the  i n i t i a l  cond i t ions  (the d i s c o n t i n u i t y  of w t a t  z =0) i s  i s o l a t e d  by r e p r e s e n t i n g  the 
i n i t i a l  cond i t ions  in the  f o r m  of a s u p e r p o s i t i o n  of  the  s t a t i c  load  

w ~ z ,  w t = u  s = u = 0  for t = 0  (2.1) 

and  the  d e p a r t i n g  wave  

w = - - z / 2 ,  w t = I / 2 ,  u = u ~ = 0  for' t = 0  (2.2) 

In v iew of  l i n e a r i t y  of  the  p r o b l e m  the so lu t ion  is  equa l  to the  s u m  of the  s o l u t i o n s  wi th  the  i n i t i a l  c o n -  
d i t i ons  (2.1) and  (2.2). The  s o l u t i o n  s a t i s f y i n g  (2.2) has  the  f o r m  u = 0, w = ( t - z ) / 2  fo r  z >t ,  and u = 0, w = 0 
for  z -< t .  Consequen t ly ,  fo r  z -< t the  so lu t ion  wi th  the  i n i t i a l  cond i t ions  (2.1) c o i n c i d e s  wi th  the  so lu t ion  of 
the  o r i g i n a l  p r o b l e m .  

We a r e  b a s i c a l l y  i n t e r e s t e d  in w fo r  t >0, z =O; t h e r e f o r e  in the  fo l lowing  the i n i t i a l  cond i t i ons  (1.3) 
a r e  r e p l a c e d  by  (2.1), and we do not  d i s t i n g u i s h  be tw e e n  the  so lu t ion  of the  o r i g i n a l  p r o b l e m  and the so lu t ion  
wi th  the  i n i t i a l  cond i t ions  (2.1). 

The  subsequen t  change  in the  o r i g i n a l  f o r m u l a t i o n  c o n s i s t s  of r e s t r i c t i n g  the  r e g i o n  in which  the  s o l u -  
t ion  is  sought .  I t  m a y  be no ted  tha t  the  c o n s t a n t  so lu t i on  u = 0, w =z s a t i s f i e s  a l l  cond i t ions  of the  p r o b l e m ,  
e x c e p t  the  v i b r a t i o n  equa t ion  of  the  p l a t e .  Since  the  d i s t u r b a n c e  c a u s e d  by  the mot ion  of  the  p l a t e  for  f in i te  
t p r o p a g a t e s  o v e r  a f in i te  r e g i o n ,  i t  is  thought  n a t u r a l  to  s e e k  the  so lu t i on  only  in th i s  r e g i o n .  H o w e v e r ,  
t h i s  me thod  had to be  abandoned ,  s i n c e  an i n c r e a s e  in the  p e r t u r b e d  r e g i o n  i m p o s e s  i nconven ien t  r e s t r i c -  
t ions  on t h e t i m e  up t o w h i c h t h e  c a l c u l a t i o n  on a Bt~SM-3M c o m p u t e r  m a y  con t inue .  

In o r d e r  to avoid  t h e s e  r e s t r i c t i o n s  w e  In t roduced  a f i c t i t i ous  b o u n d a r y  F and a s s u m e d  tha t  on th i s  
b o u n d a r y  the  mot ion  w a s  c l o s e  to a p l a n e  o n e - d i m e n s i o n a l  mot ion .  F o r  a f in i t e  R the b o u n d a r y  F was  g iven  
by a s e g m e n t  of a s t r a i g h t  l ine  z = z0, 0 -<r-< R; fo r  an  in f in i te  R the b o u n d a r y  was  g iven  by the  s e g m e n t s  
z = z0, 0 -<r  ~ R 0 and r = R 0' 0 -< z-< z 0. At  the  s a m e  t i m e  z 0 and R 0 w e r e  c h o s e n  so  tha t  the  new b o u n d a r y  
p a s s e d  t h r o u g h  the  nodes  of the  g r i d .  

We i n t r o d u c e  the  fo l lowing  nota t ion :  c t = 1, c e = r l i s  t h e n o r m a l  to r ,  u I and  u 2 a r e  the  c o m p o n e n t s  
of the  p e r t u r b e d  mot ion  n o r m a l  and t angen t  to F .  In the  r e g i o n  z = z 0 the  q u a n t i t i e s  thus  i n t r o d u c e d  a r e  
g iven  by the  equa t ions  

l = z ,  u l  : w - -  z ,  u2 : u 
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In the  r e g i o n  r =  R 0 they  a r e  

l : r, u ~ = u,  u2 = w - -  z 

In terms of these quantities the assumption about the one-dimensionality of the perturbed motion can 
be written in the form 

- -  2 M u t t  ~ - c~, z~ on F ( ~ t = i , 2 )  (2.3) 

The b o u n d a r y  cond i t i ons  on F a r e  t a k e n  in the  f o r m  

u & - t - c ~ u & = O  onF ( a = l , 2 )  (2,4) 

In (2.3) and (2.4) t h e r e  i s  no s u m m a t i o n  wi th  r e s p e c t  to ~ .  

It can  be shown tha t  in the  o n e - d i m e n s i o n a l  c a s e  the  so lu t i on  of E q s .  (2.3) w i th  the  b o u n d a r y  cond i t i ons  
(2.4) c o i n c i d e s  wi th  the  so lu t i on  of  t h e s e  equa t i ons  in the  nonbounded r e g i o n .  Use of the  cond i t i ons  (2.4) in 
a n o n - o n e - d i m e n s i o n a l  p r o b l e m  i n t r o d u c e s  an e r r o r  into the  so lu t ion .  The  e f f ec t  of  t h i s  e r r o r  i s  e v a l u a t e d  
in Sec t ion  4. 

F i n a l l y ,  Eq.  (1.6) is  t r a n s f o r m e d  so t ha t  the  d e r i v a t i v e s  wi th  r e s p e c t  to z e n t e r i n g  i t  a r e  c o m p u t e d  a t  
the  i n t e r i o r  p o i n t s  of  the  r e g i o n .  Deno t ing  by the index  h the  q u a n t i t i e s  a t  z = h and us ing  the equa t i ons  of 
mot ion ,  we ob t a in  

z= = z~ h _ haz=/Oz § 0 (h ~) = z= h - -  hwt,  § h ( ~  § �9 / r) § 0 (h ~) 
(2.5) 

F r o m  (1.5) we can  s e e  ~hat ~- =kr fo r  z = 0. Th i s  u n u s u a l  equa t ion  fo l lows  f r o m  the  f ac t  t ha t  k a s s u m e s  
only  two v a l u e s :  0 and 1, wi th  f =0 for  k =0.  Hence  we ob ta in  the  e x p r e s s i o n  fo r  T in t e r m s  of d i s p l a c e m e n t s :  

= 19tw r +kt~u z.  Since on the  p l a t e  u = 0 fo r  k = 1, then  ku z = k u h / h +  O (h) and  

h (v~ + v / r) = k ~ h h w  ~ k~h  (u~ h + u h / r) 4 0 (h 2) (2.6) 

Subs t i tu t ing  (2.6) and  (2.5) into (1.6) and  us ing  the  e x p r e s s i o n  fo r  Ozhz in t e r m s  of  d i s p l a c e m e n t s ,  we 

o b t a i n  

(p + h) w t t +  [ A A w  - -  k & h h w  = wz h + (l - -  2~ + k~t) (u~ h + u h / r) + 0 (h 2) (2.7) 

3. A se tup  of the  s econd  o r d e r  of a c c u r a c y  was  c h o s e n  fo r  the  s o l u t i o n  of  the  p r o b l e m .  The  v a l u e s  of  
u and w a t  the  t i m e  i n s t a n t  t + t  0 w e r e  c a l c u l a t e d  f i r s t  a t  the  i n t e r i o r  p o i n t s  of  the  r e g i o n  and  then  on the 

b o u n d a r y  wi th  the  u s e  of the  v a l u e s  a l r e a d y  compu ted .  
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Fig. 6 

At the inter ior  points the computations were car r ied  out according to a th ree - l aye red  explicit scheme 
for Eqs.  (1.2). Here we used the values of u and w already computed at the t ime instants t and t - t  0 within 
the entire region except the boundary. 

The computations on the boundary section z = 0, 0 ~ r -< 1 were ca r r i ed  out according to a four - layered  
implicit  scheme for Eq. (2.7). The choice of an explicit scheme for Eqs.  (l.2) and an implicit  scheme for 
(2.7) is explained by the fact  that the computer t ime basical ly is expended on the computation of the interior 
points. Therefore  they should be computed by the s implest  method, and a scheme which does not impose 
additional constra ints  on the step in t ime should be chosen for the boundary points. 

The Courant cr i ter ion must  be satisfied for stability of the explicit scheme. Therefore  we put t o = 
h/2,  with h chosen so that 1/h was an integer. 

The additional notation is introduced for the descript ion of the difference scheme:  

n I ~ l / h ,  n 2 ~ z o / h ,  n 3 = T l l / h  , R I = 

if R is finite; R 1 = R 0 if R is infinite; l is a normal  to the boundary. 
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Fig. 7 

Derivatives with r e spec t  to the coordinates and t ime are  approximated by central  differences wherever  
possible;  in the remaining cases  one-sided opera tors  a re  used. 

The central  and one-sided difference opera tors  a re  given by the relat ionships 

8x/= (/+ -- I_3 / (2Ax), 8x~f = (f+ - 21-4- ]_) I (Ax)z ( 3 . D  

8xxV=(3]- -4 /_+/2) / (2Ax) ,  8xx~/=(2/--5/-+4/~" --/s)/(~x)z (3.2) 
]+ = ] (x - ~  Ax),  / _  = ] (x - -  h x ) ,  I2 = f (x - -  2 h x ) ,  ]'a = f (x - -  3Ax) 

H e r e f  is an a r b i t r a r y  function of the argument  x, the quantity Ax =to, if x signifies t; Ax = �9 h in other 
cases .  The sign of Axis  indifferent for central  opera tors ;  for one-sided opera tors  it is chosen so that (3.2) 
does not contain exter ior  points. 

We see that (3.1) and (3.2) approximate the corresponding differential opera tors  with accuracy  up t o h  2. 

If we introduce the abbreviated notation 

A~=Sr-~r -1, Ar=AiSr, Az=A18z, A2=ArAr, 8rz=SrSz 

then the difference analog of Eqs.  (1.2) can be writ ten in the form 
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8ttu = hru A- ~ 8 ~ u  + (i  - -  t9 8rz~  - -  u / r~ 
8it w = 8zzW -~ ~Arw "4- (t -- ~) AzU 

(3.3) 

where  u and w a r e  def ined for the a r g u m e n t  va lues  

t ~ m r . ,  r ~ i h ,  z ~ [ h  (m>~0, o < i < n ~ ,  0 < j < n D  

with m, i, j be ing  i n t e g e r s .  F o r  Eq. (2.7) the a p p r o x i m a t i o n  

(9 -4- h) 8t t 'w -I- IA2w - -  k~thA~w = ~w § (l -- 2t~ -t- k~) A~u (3.4) 

was chosen .  Here  t = m t  0, r = i h ,  m>-- i ,  0-< i<  hi; z : h  i n t h e  r igh t  s ide;  z = 0  i n t h e  left  s ide .  

The o p e r a t o r  A r con ta ins  the s i n g u l a r i t y  u r  = 1 for r = 0, and ~ = A r A r  for  r = 0, r = h. At t hese  poin ts  
the o p e r a t o r s  Ar and ~ w e r e  taken,  with the use  of the bounda ry  condi t ions  for (1.6), in the f o r m  

h r w = 2 ( w  i -wo) /h  ~ for r = 0  
h r w  = 2 (w o - w)/h ~ for r = i  
haw = 16 (w 0 -- 4/s Wl "4- wJ3) /h  4 for r = 0 

A2w=(--4w+26w0/3--20wl/3+2w2)/h 4 for r = h  

w i = w (t -~- to, r + ih, 0), w_ ~- w (t "4- to, r - -  h, O) 

(3.5) 

Equa t ions  (3.4) cons t i tu te  a s y s t e m  of l i n e a r  equat ions  for  the d e t e r m i n a t i o n  of w on the sec t ion  of the 
bounda ry  z =0, 0-< r <1. Th i s  s y s t e m  was so lved by the r u n - t h r o u g h  method [3]. 

The boundary  condi t ion  (1.5) was  t aken  in the f o r m  

k u - ~ - I x ( l - - k ) ( f r W - ~ - S z l u ) = O  for z=0,  0 < r-.~/h (3.6) 

Th i s  condi t ion  a l lows us  to ca lcu la te  u if w is known on the e n t i r e  lower  boundary .  

The boundary  condi t ion  (2.4) was  app rox ima ted  with the use  of the c e n t r a l  d i f f e rence  r e l a t i o n s h i p s .  
If in (2.4) in s t ead  of u ~ a n d  uff we put  6 t  u a  and 6 / u  s ,  then  the r e s u l t i n g  s y s t e m  wi l l  con ta in  po in ts  l y i n g o u t -  
s ide the r eg ion .  To exclude these  poin ts  we used  a d i f f e rence  a p p r o x i m a t i o n  of Eqs .  (2.3). As a r e s u l t  the 
bounda ry  condi t ion  on F was  obta ined  in the fo rm 

2%, (Slu ~ -4- c~Sl ua) -4- h (Sit ua - -  ca~8llu~ ) = 0 (3 ~ 

where  a =1,  2 and s u m m a t i o n  with r e s p e c t  to ~ is  absen t .  

The boundary  condi t ion  Wr = 0 was r e p l a c e d  by 5rlw = 0, while  the condi t ions  u = 0 and w = 0 r e m a i n e d  
unchanged .  

The in i t i a l  condi t ions  w e r e  chosen  at  t = 0 and t = - t  o wi th in  the e n t i r e  r e g i o n  in the f o r m  (2.1) 0 F o r  
(3.4) ye t  ano ther  condi t ion  is n e c e s s a r y ;  t he r e f o r e  we put  w =0 for  t - - - 2 t 0 ,  z = 0, 0 - r - <  1. 

The s cheme  jus t  p r e s e n t e d  was  r e a l i z e d  in the fo rm of a p r o g r a m  in  the ALGOL-60 language .  The 
c a l c u l a t i o n s  were  c a r r i e d  out on a BESM-3M c o m p u t e r .  The m a x i m u m  n u m b e r  of po in ts  of the g r id  is 2500. 
Since a t  each point  it was  n e c e s s a r y  to r e t a i n  four  quan t i t i e s ,  the d i s p l a c e m e n t  b locks  were  not  p laced  in 
the o p e r a t i o n a l  s to re ,  and they had to be kept  on the d r u m .  Exchange  with the d r u m  occupied  rough ly  half  
the ca l cu l a t i on  t i m e .  The t i m e  n e c e s s a r y  for  the ca l cu la t ion  of the so lu t ion  for 0 to t was  a p p r o x i m a t e l y  
2 . 1 0  -4 Z0Rlt/h 3 rain.  

4. The objec t ive  of the ca l cu l a t i ons  was to e s t a b l i s h  the effect  of the p a r a m e t e r s  of the p r o b l e m  on 
the def lec t ion  of the p la te .  As was  a l r e a d y  sa id  at  the beg inn ing ,  while  i n t e r p r e t i n g  the r e s u l t s  of m e a s u r e -  
men t  we a s s u m e  that  the def lec t ion  of the cen t e r  of the p la te  is p r o p o r t i o n a l  to the s t r e s s  in the me d ium.  
If we use  a to denote  the s t r e s s  be ing m e a s u r e d ,  then f r o m  the so lu t ion  of the c o r r e s p o n d i n g  hyd r os t a t i c  
p r o b l e m  we find the e x p r e s s i o n  for  a in t e r m s  of the d i s p l a c e m e n t  of the c e n t e r  of the p la te :  

= 64 w (t, 0, 0 ) / I  (4.1) 

If we do not  take into accoun t  the effect  of the def lec t ion  of the p la te  on the s t r e s s  f ield,  then in the 
r e f l e c t e d  wave azz = 1 for t >0. Consequen t ly ,  a is  equal  to the r a t i o  of the s t r e s s  be ing m e a s u r e d  to the 
t r u e  s t r e s s .  

2 0 2  



Fig. 8 

Five physical  pa rame te r s ,  ~, k, p, I, R, and three pa rame te r s  charac te r iz ing  the scheme selected,  
h, z0, R0,enter into the problem. The pa ramete r s  of the scheme influence only the accuracy  of the resu l t s ,  
but the physical  pa ramete r s  influence a in its charac ter .  

As it is not at all possible in a numerica l  calculation to establish the simultaneous effect of all pa-  
r ame te r s ,  we must investigate the effect of each pa rame te r  separately.  In o rder  not to write the same 
combinations of the pa rame te r s ,  in the sequel we put 

ix=0.3 ,  k = 0 ,  p = 0 . 1 , 1 = 0 . 0 2 ,  R - + o o ,  h = 0 . 1 ,  z o =  3.0, 

Ro = 3.0 

and talk only about the difference of the pa rame te r s  f rom the values thus listed. 

The effect of k is s implest  of all to investigate, since it assumes  only two values: 0 and 1. It was 
discovered that z only slightly depends on k. In Fig. 2 the solid line depicts a(t) for k = 0; the points c o r -  
respond to the solution with k = 1. Analogous resul ts  have been obtained for I = 0.01, 0.04, 0.08, and we can 
assume that k influences a within the limits of a few per  cent. This c i rcumstance  i s  considered to be im-  
portant,  since about rea l  conditions of contact we usually know only that they lie somewhere between the 
conditions of sticking (k = 1) and total slipping (k =0). 
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Fig .  9 

The  d i m e n s i o n l e s s  d e n s i t y  p in p r i n c i p l e  can  be a r b i t r a r y ,  but  fo r  r e a l  t r a n s d u c e r s  i t  is  of  the  o r d e r  
0.1. Since the  so lu t ion  of  the  s t a t i c  p r o b l e m  does  not  depend  on p ,  the  l a t t e r  in f luences  only  the  t r a n s i e n t  
p r o c e s s .  Th i s  e f fec t  is  s e e n  f r o m  F ig .  3, w h e r e  I =  0.01,  the  c u r v e  1 d e p i c t s  a( t )  f o r  p = 0.1, the  c u r v e  2 
d e p i c t s  i t  for  p =0.5 ,  and the  po in t s  s ign i fy  a for  p = 0.02.  We s e e  tha t  for  s m a l l  p the  quan t i t y  a(t) only  
s l i g h t l y  depends  on p ,  whi l e  the  d u r a t i o n  of the  t r a n s i e n t  p r o c e s s  i n c r e a s e s  wi th  i n c r e a s e  in p ,  i . e . ,  h e a v i e r  
p l a t e s  have  w o r s e  d y n a m i c  c h a r a c t e r i s t i c s .  

The  e f f ec t  of the  Side w a l l s  was  a l so  i n v e s t i g a t e d .  As  w a s  to be e x p e c t e d ,  ~t was  m a x i m u m  for  s m a l l  
I, but  even  in th i s  c a s e  i t  was  a l w a y s  s m a l l .  In F i g .  4 , I - -  0.01, the  c u r v e  1 r e p r e s e n t s  a( t)  for  R - - ~ ,  the  
c u r v e  2 r e p r e s e n t s  i t  for  R = 1.1, and  the  po in t s  c o r r e s p o n d  to R = 3. 

The  dependence  of a on t~ and I i s  the  g r e a t e s t .  

The  e f fec t  of t h e s e  p a r a m e t e r s  was  i n v e s t i g a t e d  in [4], w h e r e  a n u m e r i c a l  so lu t ion  of the  s t a t i c  p r o b -  
l e m  was  s e t  up fo r  R -~ ~ and k = 0. 

The  s a m e  p r o b l e m  was  so lved  by a n o t h e r  method  by E .  B. S r e t e n s k i i , *  who ob t a ined  the  e x p r e s s i o n  

% = [t + 0.0431F (i -- ~)/I1 -~ (4.2) 

*E.  B. S r e t e n s k i i ,  On the  T h e o r y  of a M e m b r a n e  S t r e s s  T r a n s d u c e r  [in R u s s i a n ] ,  D ip loma  T h e s i s ,  Moscow 
P h y s i c o t e e h n i c a l  Ins t i tu te  (1970). 
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w h e r e  the  no ta t ion  of  the  g iven  w o r k  is  u sed  and % c o r r e s p o n d s  to ~(~).  It should  be noted  tha t  the  n u m e r -  
i c a l  r e s u l t s  [4] a r e  w e l l  d e s c r i b e d  by  the  e x p r e s s i o n  (4.2). 

The  l i m i t s  of a p p l i c a b i l i t y  of  (4.2) w e r e  e v a l u a t e d .  F o r  th i s  the  so lu t ion  was  c a l c u l a t e d  a s  f a r  a s  ~ (t) 
d id  not  b e c o m e  a cons t an t .  ']?he c o n s t a n t  e 1 thus  ob t a ined  was  c o m p a r e d  wi th  o 0 f r o m  (4.2). The  r e s u l t s  a r e  
p r e s e n t e d  be low:  

I O.Ol 0.04 0.08 O.iO i .00 
~o 0.52 0.82 0.90 0.92 0.99 ~ = 0.3 
~1 0.53 0.83 0.9i 0.93 ~ .0~ 

0.00 O.iO 0.30 0.50 
=o l.O0 0.84 0.69 0.65 I =0.02 
~1 t.0~ 0 . 8 6  0.69 0.65 

Check  c a l c u l a t i o n s  wi th  i n c r e a s e d  a c c u r a c y  showed tha t  the  d i f f e r e n c e  be tween  o 0 and ~1 i s  e x p l a i n e d  
b e t t e r  by the  e r r o r s  of the  n u m e r i c a l  c a l c u l a t i o n  than  by  the  e r r o r  of (4.2). Thus ,  we can  a s s u m e  tha t  fo r  
I -  > 0.01 and any ~, (4.2) g i v e s  a t  l e a s t  two c o r r e c t  d i g i t s  a f t e r  the  d e c i m a l  poin t .  

F r o m  (4.2) we can  s e e  tha t  the  e f f ec t  o f ~  is  c o n s i d e r a b l e  fo r  s m a l l  I and tha t  i t  f a l l s  a s  I i n c r e a s e s ,  
The  s i t ua t i on  is ana logous  in the  d y n a m i c  c a s e .  In F i g .  5 we have  d e p i c t e d  ~r(t) for  I = 1 ,  h = 0.05,  z 0 = R  0 = 
2.5,  w h e r e  the  c u r v e  1 c o r r e s p o n d s  to ~ = 0.5,  p = 0.1 and the c u r v e  2 c o r r e s p o n d s  to ~ = 0.3,  p = 0.5. The  
c a l c u l a t i o n  fo r  # = 0.01 r e s u l t e d  in the  c o i n c i d e n c e  of  t he  c u r v e s  1 and 2 wi th  an  e r r o r  l e s s  than  0.01.  Th i s  
m e a n s  t ha t  fo r  s u f f i c i e n t l y  s t i f f  p l a t e s  the  mot ion  is  c l o s e  to a o n e - d i m e n s i o n a l  mot ion .  

The  d i s t r i b u t i o n  of the  s t r e s s e s  above  the  p l a t e  wi th  t i m e  i s  i l l u s t r a t e d  by  F i g s .  6 -9 ,  w h e r e  a z z ( r ,  z) 
is  d e p i c t e d  a t  the  t i m e  i n s t a n t s  t = 1.0, 2.0,  3.0, 5.0 fo r  the  fo l lowing  p a r a m e t e r  c o m b i n a t i o n :  ~ = 0.3, I = 0.1,  
p = 0.1.  The  quan t i t y  r i s  s e t  off a long  the a b s c i s s a  a x i s ,  whi le  z i s  s e t  off a long  the o r d i n a t e  ax i s ;  the  w a l l  
is  m a r k e d  by shad ing .  The  z o n e s  of r e d u c e d  s t r e s s e s  a r e  m a r k e d  by the  s y m b o l s  1 , 2 ,  3 , . . .  ; the  z o n e s  of 
i n c r e a s e d  s t r e s s e s  a r e  m a r k e d  by the  s y m b o l s  A,  B ,  B, F .  A t r a n s i t i o n  to the  next  s y m b o l  c o r r e s p o n d s  to 
a v a r i a t i o n  of  ezz  by  0.05.  In p a r t i c u l a r ,  the  a b s e n c e  of  a s y m b o l  s i g n i f i e s  azz  = 1 • 0.025; the  s y m b o l  A 
s i g n i f i e s  azz  = 1.05 • 0.025,  the  s y m b o l  i s i g n i f i e s  azz  = 0.95 �9 0~ and so fo r th .  

A check  of the  a c c u r a c y  of the  r e s u l t s  was  c a r r i e d  out  by v a r y i n g  the p a r a m e t e r s  h, z 0, R 0. It was  
found t ha t  r e p l a c e m e n t  of  the  in f in i t e  r e g i o n  by a f in i t e  one with  the  cond i t ions  (2.4) r e s u l t s  in an i n s i g n i f i c a n t  
c o n t r i b u t i o n  to the  o v e r a l l  e r r o r .  Th i s  e r r o r  for  the  v a r i a n t s  c o n s i d e r e d  d id  not  e x c e e d  0.05. 

Conc lud ing ,  the  a u t h o r  thanks  the  p a r t i c i p a n t s  of the S e m i n a r  on D y n a m i c s  of  So l ids ,  a t  the In s t i t u t e  
of P r o b l e m s  of  M e c h a n i c s ,  fo r  the  d i s c u s s i o n  of  the  p a p e r .  ,, 
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